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The Minimum Number of Faces of a Simple Polyhedron
ANDERS BJORNER
We show for a simple d-polyhedron having n facets and {; i-dimensional faces that
Ii ;. (n - d)( d ~ 1) +(~)
for i = 0, 1, ... , d - 2. These bounds are best possible.
We also discuss some refinements of this result for simple polyhedra having specified numbers of
bounded and unbounded facets.
INTRODUCTION
By a d-polyhedron we will understand a d-dimensional subset of IRd which is the
intersection of a finite number of closed halfspaces. A d-polyhedron is said to be simple if
it has at least one vertex and each vertex is incident to exactly d facets. Motivated by
questions arising in linear programming, V. Klee has studied the problem of finding the best
lower bound for the number of vertices of a simple d-polyhedron in terms of its number of
facets, see [5] and [6]. The purpose for the present paper is to seek the corresponding best
lower bounds for higher-dimensional faces.
For a given d-polyhedron P letf;(P) denote the number of i-dimensional faces of P. We
will be interested in the numbers
({/;(d, n) = inf{f;(P)!p is a simple d-polyhedron with n facets}
for 0,,;;; i e d -2, d e:n.
1. THEOREM
The special case ({/o(d, n) = n - d + 1 was obtained by Klee in [5, p. 230].
One can ask more specifically for the best lower bound for the number of i-faces of a
simple d-polyhedron having prescribed numbers of bounded and unbounded facets, cf.
Griinbaum [4, p. 189]. Let
~;(d, ns, nJ = inf{f;(P)!P is a simple d-polyhedron having nb
bounded facets and n.; unbounded facets}
for 0,,;;; i,,;;; d - 2 and for such pairs (nb, nu ) for which simple d-polyhedra with the stated
properties exist, i.e. for n: = 0, nb;;' d + lor n; ;;.d, nb;;' O. The numbers ~;(d, nb,0) were
determined by D. Barnette in [1].
2. PROPOSITION. For n; ;;. d,
where e = 1 if i =0 and e =0 if i = 1, 2, ... , d - 2.
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Klee showed in [6, Corollary 1] that iPo(d , n». nil) = (nb -1 )(d -1) + nil when nil~ d,
which means that equality holds in (*) when i = O. The numbers cP; (d , ni; nil), nil~ d, can be
determined also for the lowest values of d and nb.
3. PROPOSITION. Equality holds in (*) when d = 3.
The following is a consequence of Theorem 1 and Proposition 2.
4. COROLLARY. Equality holds in (*) when n» = O.
The preceding results suggest the following conjecture which if found to be correct
would sum up all the lower bound results for simple polyhedra (d. Remark 3 below).
5. CONJECTURE. Equality holds in (*) for all admissible values of i, d, n» and nil~ d.
THE PROOFS
A bounded polyhedron is also called a polytope. Prefixes will denote dimension. The
general reference for polyhedral theory is Griinbaum [4].
PROOF OFPROPOSITION 2 (d. Klee [6, p. 4]). Assume that numbers i, d, nb and nil are
given such that 0~ i ~ d - 2, nb ~ 0, nil~ d. Also, let e = 1 if i = 0 and e = 0 otherwise. We
will consider pairs (P, F ) where P is a simple d-polytope and F is a distinguished facet of P.
Given such a pair let f i(P - F ) denote the number of i-faces of P which are not contained in
F. If (P', F ') is obtained from (P,F ) by truncating P at a vertex of F then clearly
f; (P' - F') = f;(P - F ) + (di1). If (P' , F ') is obtained from (P, F ) by truncating P at a vertex
not in F then f j(P' - F ') =f j(P - F )+C:l) - e.Therefore, if we start from a d-simplex with
a distinguished facet and truncate nil - d times at vertices which lie in the successively
truncated distinguished facet , and then truncate nb times at vertices which do not lie in the
distinguished facet, then we arrive at a pair (P, F) for which
A projective transformation which carries F to the hyperplane at infinity will take Pinto
an unbounded simple d-polyhedron Phaving nil unbounded facets and nb bounded facets
and for which fj(P) = f;(P - F).
The remaining proofs will be carried out in the dual setting of simplicial complexes and
then translated back to simple polyhedra. A (simplicial) complex is said to be pure if all
facets are equicardinal. We will say that two facets in a pure complex are adjacent if they
intersect in a maximal proper face of each . A complex is said to be strongly connected if it is
pure and every pair of facets is connected by a path of successively adjacent facets .
6. LEMMA. Let L. be a strongly connected (d -I )-complex having Ct:k k-dimensional
faces. Then
for k =1,2, . . . , d-1.
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PROOF. Order the facets of 6. linearly F], F 2 , ••• .F,« in such a way that each FI,
2~ i ~ m, is adjacent to an earlier Fj, 1~ j < i. Since 6. is strongly connected such an
ordering is clearly possible. The facet F 1 contains ( k~d k-faces. Having considered the
k-faces of Fi - 1 continue with F; Either (A) every vertex of F, is contained in some earlier
facet, or (B) some vertex v of F, is not contained in any earlier facet (v is then unique). If
(A) is the case then ignore the k-faces of F; If (B) is the case then the (d"k 1 ) k-faces of F,
which contain v have not been counted before so count them now. Since case (B) occurs
exactly 0'0- d times we thus end up having counted altogether (k~ l ) +(0'0- d )(d"k 1 ) k-faces
in 6..
Recall that a (d -I)-complex is called a (d -1 )-pseudomanifold [with boundary] if it is
strongly connected and each (d - 2)-face is contained in exactly [at most] two (d -I)-faces.
The boundary is the subcomplex which is generated by the (d - 2)-faces which are
contained in exactly one (d -I)-face. A face which is not on the boundary is said to be
internal.
7. LEMMA. Let 6. be a 2-pseudomanifold with boundary. Assume that 6. has v vertices
of which Vi, Vi < V, are internal, and that 6. has O'k k-faces, k = 1, 2. Then
(8)
PROOF. We will first prove the assertion for all 2-pseudomanifolds with boundary 6.
which satisfy the condition that for every vertex u the link lk u = {F E 6.ju e F, {u} uF E 6.}
is connected. Then a vertex u is internal if and only if Ik u is a circuit and u is on the
boundary if and only if lk u is a path.
For Vi = 0 the lower bounds (8) coincide with those given in Lemma 6, so we can proceed
by induction on the number of internal vertices. Select two vertices u and w in 6. such that
u is on the boundary, w is internal and u is joined to w by an edge e. The vicinity of u and w
in 6. must look like in Figure 1.
FIGURE 1 FIGURE 2
Now construct a new complex 6. ' by cutting up along the edge e in 6. as indicated in
Figure 2. It is easy to check that 6.' is a pseudomanifold with boundary, that all links of
vertices in 6.' are connected and that v (6.') = v (6.) + 1, 0'1 (6.') = 0'1 (6.) + 1 and 0'2(6.') =
0'2(6.). Since w is moved to the boundary when e is cut and no other vertices are affected we
also have Vi(6.') = Vi(6. )-1. By the induction assumption the lower bounds (8) hold for 6.' ,
so we find that they hold also for 6..
The general case can be reduced to that when all links of vertices are connected as
follows. Suppose that for a vertex u in 6. lk u has k connected components 'Yb 'Y2, . . . , 'Yk.
Remove u and all faces which contain u from 6., then introduce new vertices u], U 2, • • • , Uk
and add all sets of the form {u;} u CTwhere CT E 'Yi, i = 1, 2, ... , k, to form a new complex 6.'.
Clearly , 6. ' is a pseudomanifold with boundary satisfying V (6.') = v (6.) + k -1 , 0'1 (6.') =
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al (L, ), a 2(L,/) = a 2(L, ) and Vi(L,/)~ Vi(L, ). Also, all vertices which had connected links in L,
have connected links in L,/, as do Ut. u z, ... and us. It is now clear that if the above
construction is carried out at every vertex of L, where the link is disconnected we will arrive
at a pseudomanifold with boundary L, " having connected links of vertices and satisfying
V(S') ~ v (L,), Vi(S/) ~ Vj(L,), a 1(L,") = al (L,) and a 2(L,") = a2 (L,) . Since the inequalities (8)
hold for 6" they must also hold for L,.
PROOF OFTHEOREM 1 AND PROPOSITION 3. Suppose that P is an unbounded simple
d-polyhedron having n facets. Let H be a supporting hyperplane which intersects P in a
vertex v, and take H« to be a hyperplane parallel with H and such that the interior of the
strip between Hand H aintersects P and contains all vertices of P other than v. Let H ; be
the halfspace which is bounded by H aand contains v. Clearly, the polyhedron Q = P <n;
is simple and bounded. Furthermore, there is an obvious one -to-one correspondence
between the k-faces of P and those k-faces of Q which are not contained in the facet
Fa = Q n Hs. Let Q * be the simplicial polytope which is polar dual to Q and denote by L,p
the subcomplex of the boundary of Q* which consists of all faces which do not contain the
vertex Ft corresponding to the facet Faof Q. If ak is the number of k-faces of L,p and t. is
the number of i-faces of P then, due to the above-mentioned one-to-one correspondence,
/; =ad- ;-I' The complex L, p is obtained by deleting a vertex from a triangulation of a
(d -I)-sphere, so L,p is certainly a (d -l}-pseudomanifold with boundary (in fact, L,p
is a shellable triangulation of a (d -I)-ball, d. Remark 1 below). It is a consequence of the
construction that a vertex of L,p is on the boundary if and only if the corresponding facet of
P is unbounded. Thus Lemma 6 shows that I;~ (1)+ (n - d )(i 1 ) for i = 0, 1, . . . , d - 2,
which together with Proposition 2 establishes Theorem 1. Lemma 7 shows that if P is
3-dimensional and has nb bounded facets then 10~ n + nb - 2 and 11~ 2n+ n» - 3, which
proves Proposition 3.
REMARKS
1. The complex L,p is shellable and triangulates a (d -l}-ball as can be seen from results
of G. Danaraj and V. Klee in [3]: the dual polytope Q* admits a shelling in which the facets
which contain the vertex F~ come last, hence ignoring these facets we get a shelling of L, p.
Shellability implies the existence of non-negative integers he, ht. . . . , h« such that
(9)
for k = -1, 0, ... , d -1 (for a proof see [2, Proposition 3.5]). It follows from (9) and
I i = ad-i-l that the I-vector (fa,It. . . . , Id- l) of a simple d-polyhedron with more than one
vertex, bounded or unbounded, satisfies
Id -l<ld- 2< ' "</[d/2J and Id-i<l; fori=I,2 , ... , [(d - l )/ 2 ]. (10)
It seems to be unknown whether the I-vector of a simple d-polyhedron must be
unimodal, i.e., satisfy 10:S;. 11 :S;... . :S;.Ik ;;:,,!k +l;;:'" .. ~ Id-l for some k, O:S;. k :S;.d -1.
Inequalities (10) and 10</1 when d~3 are partial results in this direction. Also,
unimodality of the I-vectors can be deduced from (9) for all simple d-polyhedra with d :S;.6.
2. The following addition to Theorem 1 deserves mention. It can be shown (d. [2,
Proposition 3.5]) that if a simple d-polyhedronwith n facets satisfiesf = (1)+ (n - d)(d i l )
for some i, O:S;. i :S;.d - 2, then this equation is satisfied for all such i. It seems reasonable to
expect a similar property to hold in connection with Conjecture 5.
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3. If a vertex is removed from a simple d-polytope with n facets, then the remainder is
combinatorially equivalent with a simple d-polyhedron having n facets of which n - dare
bounded (cf. Klee and Walkup [8, p. 56]). Hence, Conjecture 5 implies that a simple
d-polytope with n facets has at least (n - d)((djl) + (d;-;!e))+ (1)+ e i-faces, which is the
Lower Bound Conjecture (LBC) for simple polytopes, proved by D. Barnette in [1].
4. To prove Conjecture 5 it would suffice to settle the following more general con-
jecture for shellable triangulations of (d -I)-balls.
11. CONJECTURE. Let 6. be a (d -l)-pseudomanifold with boundary having (Xk
k-dimensional faces. Assume that 6. has Vi internal vertices and Vb > 0 vertices on the
boundary. Then
( d ) (d-1) (d-1-e)(Xk 3 k+1 +(Vi+Vb- d) k +Vi d-k
with e = 0 for k = 1, 2, ... , d - 2 and e = 1 for k = d - 1.
The complexes 6.ft which are dual to the unbounded simple d-polyhedra P constructed
to prove Proposition 2 achieve equality for all k, so these lower bounds are best possible.
Lemmas 6 and 7 show that Conjecture 11 is correct for Vi = 0 and d = 3 respectively.
Conjecture 11 implies the LBC inequalities
(Xk 3 (V - d)( (d; 1) + (d~~; e)) +(k ~ 1) + e,
k = 1, 2, ... , d -1, for (d -l)-pseudomanifolds on V vertices. The resulting inequality for
k = d -1 (and hence also for k = d - 2) is a theorem of V. Klee's [7].
As a partial converse, the truth of Conjecture 11 for k = d -1 is implied by Klee's
theorem [7] in case each facet of 6. includes at least one internal vertex.
Note added in proof. Carl W. Lee of Cornell University, Ithaca, N.Y., has informed us that
he has verified Conjecture 5. His argument utilizes the necessity of McMullen's conditions
for the f-vectors of simplicial polytopes, recently proved by R. Stanley using advanced
methods of algebraic geometry.
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